On the classification of smooth Fano weighted complete intersections by Ovcharenko, Mikhail
ar
X
iv
:2
00
6.
05
66
6v
1 
 [m
ath
.A
G]
  1
0 J
un
 20
20
ON THE CLASSIFICATION OF SMOOTH FANO WEIGHTED
COMPLETE INTERSECTIONS
MIKHAIL OVCHARENKO
Abstract. We study smooth Fano weighted complete intersections with re-
spect to the new invariant – the variance var(X) = coindex(X) − codim(X).
1. Introduction
Let X be a smooth Fano variety over an algebraically closed field of character-
istic zero. Recall that the index of X is the largest natural number iX > 0 such
that the canonical class KX is divisible by iX in Pic(X). It is well known that
iX ≤ dim(X) + 1 (see [IP99, Corollary 3.1.15]).
We will refer to dim(X)+1−iX as coindex ofX . There is an explicit classification
of Fano varieties of the minimal coindex:
(1) coindex(X) = 0 if and only if X ≃ Pn,
(2) coindex(X) = 1 if and only if X ⊂ Pn+1 is a smooth quadric,
and Fano varieties of coindex 2 are completely classified by Iskovskikh and Fujita
(see [IP99, Theorem 3.3.1]).
In the case of smooth Fano weighted complete intersections we have the following
theorem (see Section 2 for the relevant definitions).
Theorem 1.1 ([PS20b, Theorem 1.1]). Let X ⊂ P = P(a0, . . . , aN) be a smooth
well formed Fano weighted complete intersection of dimension at least 2 that is not
an intersection with a linear cone. The following assertions hold.
(1) One has codim(X) ≤ coindex(X).
(2) If codim(X) = coindex(X), then X is a complete intersection of coindex(X)
quadrics in P = PN .
(3) Suppose that codim(X) = coindex(X) − 1 and codim(X) > 1. Then X is
a complete intersection of coindex(X)− 2 quadrics and a cubic in P = PN .
Theorem 1.1 can be considered as an analogue of the above-mentioned classifi-
cation with respect to the following invariant.
Definition 1.2. Let X be a smooth Fano weighted complete intersection. The
variance of X is the number
var(X) = coindex(X)− codim(X).
In this paper we are going to consider the following conjecture.
The author was partially supported by Laboratory of Mirror Symmetry NRU HSE, RF Gov-
ernment grant, ag. no. 14.641.31.0001.
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Definition 1.3. Let X be a weighted complete intersection of multidegree
(d1, . . . , dk). We will denote by s2(X) the number
s2(X) = |{j : dj > 2}|.
Conjecture 1.4. Let X ⊂ P be a smooth well formed Fano weighted complete
intersection of dimension at least 2 that is not an intersection with a linear cone.
Then we have an estimate s2(X) ≤ var(X).
Remark 1.5. The conjecture holds in the case var(X) < 2 due to Theorem 1.1.
Fact 1.6 (Corollary 3.4). The conjecture holds in the case P = PN .
Conjecture 1.4 is useful in the classification of smooth well formed Fano weighted
complete intersections of given variance.
Let X be a normalized smooth well formed Fano weighted complete intersection
of dimension at least 2 that is not an intersection with a linear cone. Then X is
contained in the unique family X of weighted complete intersections of the multide-
gree (d1, . . . , dk) in P(a0, . . . , aN ) (see Proposition 2.16 and Remark 2.17). Denote
the set of all such families X by Σ (see Remark 2.18).
Let X ⊂ P(a0, . . . , aN ) be a weighted complete intersection of multidegree
(d1, . . . , dk) such that X ∈ Σ. We can correspond to X ∈ Σ the families X lm ∈ Σ,
where
X lm ⊂ P(1
l+2m, a0, . . . , aN)
are weighted complete intersections of multidegree (2m, d1, . . . , dk). The families
X lm ∈ Σ are well-defined, and var(X
l
m) = var(X) (see Corollary 3.2).
Definition 1.7. Let X ∈ Σ be a family that cannot be represented in the form
X = Y lm for some other Y ∈ Σ. We will refer to the set
S(X ) = {Z ∈ Σ : Z = X lm}.
as series generated by X . There is natural partition of Σ by series.
It is a natural question to ask whether the number of all series in Σ of given
variance r can be bounded in terms of r. If Conjecture 1.4 holds, then we can give
a positive answer to this question.
Namely, let Sr be the set of all series in Σ of variance r. It is useful to introduce
the following partition on Sr:
Sr = S
0
r
⊔
S
′
r
⊔
S
′′
r .
There S ∈ Sr lies in S0r, S
′
r or S
′′
r , if the generator X of S is
(1) a family of complete intersections in P = PN ,
(2) a family of weighted complete intersections in P 6= PN , codim(X ) ≤ var(X ),
(3) a family of weighted complete intersections in P 6= PN , codim(X ) > var(X ).
Let us formulate the main results.
Theorem 1.8 (Proposition 3.9). We have the following polynomial bounds:
(1) |S0r| ≤ (r + 1)
2,
(2) |S′r| ≤ 18r
4(3r + 1).
Proposition 1.9 (Corollary 3.11). Assume that Conjecture 1.4 is true. Then we
have the following polynomial bound:
|S′′r | ≤ 2r
2(r + 1)2.
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Corollary 1.10. Assume that Conjecture 1.4 is true. Then the number of series
of given variance r in Σ is bounded by
(r + 1)2(1 + 2r2) + 18r4(3r + 1).
We can prove an approximation to Proposition 1.9.
Definition 1.11. We will denote by Ŝ′′r the collection of series S ∈ S
′′
r such that
dim |OX(1)| ≥ N − var(X),
where X ⊂ P(a0, . . . , aN ) is a member of the generator X of S (see Lemma 2.21).
Fact 1.12 (Corollary 2.24). If Conjecture 1.4 is true, then Ŝ′′r and S
′′
r coincide.
Theorem 1.13. We have the following polynomial bound:
|Ŝ′′r | ≤ 4r(r + 1)
2(r − 1).
The author is grateful to V. Przyalkowski for stating the problem and
V. Przyalkowski and C. Shramov for useful discussions and remarks.
2. Preliminaries
Let k be an algebraically closed field of characteristic zero, and let a0, . . . , aN
be positive integers. Consider the graded ring k[x0, . . . , xN ], where the grading is
defined by deg xi = ai. Put
P = P(a0, . . . , aN) = Proj k[x0, . . . , xN ].
Definition 2.1 ([IF00, Definition 5.11]). The weighted projective space P is said
to be well formed, if the greatest common divisor of any N of the weights ai is 1.
Proposition 2.2 ([Dol82, 1.3.1]). Any weighted projective space is isomorphic to
a well formed one.
Definition 2.3 ([IF00, Definition 6.9]). A subvariety X ⊂ P is said to be well
formed, if P is well formed and
codimX(X ∩ Sing P) ≥ 2.
Definition 2.4. We say that a variety X ⊂ P of codimension k is a weighted
complete intersection of multidegree (d1, . . . , dk) if its weighted homogeneous ideal
in k[x0, . . . , xN ] is generated by a regular sequence of k homogeneous elements of
degrees d1, . . . , dk.
Remark 2.5. Note that in general a weighted complete intersection is not even
locally a complete intersection in the usual sense.
Definition 2.6 ([IF00, Definition 6.3]). Let p : AN+1 \ {0} → P be the natural
projection. A subvariety X ⊂ P is said to be quasismooth if p−1(X) is smooth.
Proposition 2.7 ([Dim86, Proposition 8]). Let X ⊂ P be a quasismooth well
formed weighted complete intersection. Then the singular locus of X is the inter-
section of X with the singular locus of P.
Proposition 2.8 ([PS20a, Proposition 2.14]). Let X ⊂ P be a smooth well formed
weighted complete intersection. Then X is quasismooth.
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Proposition 2.9 ([PS20b, Lemma 2.3]). Let X ⊂ P be a weighted complete in-
tersection. Then X is isomorphic to a weighted complete intersection X ′ of the
same codimension in a well formed weighted projective space P′. Moreover, if X is
quasismooth, X ′ is also quasismooth, and if X is general in the family of weighted
complete intersection of the corresponding multidegree in P, then X ′ is general in
the family of weighted complete intersection of the corresponding multidegree in P′.
Remark 2.10. It is possible that a weighted complete intersection of a given multi-
degree in P does not exist. For example, there is no such thing as a hypersurface
of degree d < min(a0, . . . , aN ) in P.
Definition 2.11 ([IF00, Definition 6.5]). A weighted complete intersection X ⊂ P
is said to be an intersection with a linear cone if dj = ai for some i and j.
Proposition 2.12 ([IF00, Theorem 6.17]). Let X ⊂ P be a quasismooth weighted
complete intersection of dimension at least 3. Suppose that P is well formed and X
is general in the family of weighted complete intersections of the same multidegree
in P, and is not an intersection with a linear cone. Then X is well formed.
Remark 2.13. Proposition does not hold in dimensions less than 3. A counterexam-
ple is a hypersurface of degree 9 in P(1, 2, 2, 3), which is smooth and quasismooth,
but not well formed, see [IF00, 6.15(ii)].
Proposition 2.14 ([PS20b, Proposition 2.9]). Let X ⊂ P be a quasismooth weighted
complete intersection of dimension at least 3. Assume that X is general in the
family of weighted complete intersections of the same multidegree in P. Then there
exists a quasismooth well formed weighted complete intersection X ′ isomorphic to
X which is not an intersection with a linear cone.
Definition 2.15. A weighted complete intersection X ⊂ P of multidegree
(d1, . . . , dk) is said to be normalized, if the following inequalities hold:
a0 ≤ · · · ≤ aN , d1 ≤ · · · ≤ dk.
One can always normalize a weighted complete intersection by renumbering the
indices.
Proposition 2.16 ([PS19, Proposition 1.5]). Let
X ⊂ P(a0, . . . , aN ), X
′ ⊂ P(a′0, . . . , a
′
N ′)
be normalized quasismooth well formed weighted complete intersections of multide-
grees (d1, . . . , dk) and (d
′
1, . . . , d
′
k′), respectively, such that X and X
′ are not inter-
sections with linear cones. Suppose that X ≃ X ′ and dimX ≥ 3. Then N = N ′,
k = k′, ai = a
′
i for all i = 0, . . . , N , and dj = d
′
j for all j = 1, . . . , k.
Remark 2.17. The assertion of Proposition 2.16 also holds for smooth Fano weighted
complete intersections of dimension 2. This follows from their explicit classification.
Note however that the assertion fails in dimension 1. Indeed, a conic in P2 is
isomorphic to P1 (which can be considered as a complete intersection of codimension
0 in itself).
Remark 2.18. The results mentioned above justify the definition of the class Σ.
Actually, we are interested in the classification of families X such that X ∋ X ,
where X is a smooth Fano weighted complete intersections of dimension at least 2.
Then without loss of generality we can assume that X is normalized, well formed
and is not an intersection with a linear cone.
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We have the following analogue of the adjunction formula.
Proposition 2.19 (see [Dol82, Theorem 3.3.4], [IF00, 6.14]). Let X ⊂
P(a0, . . . , aN ) be a quasismooth well formed weighted complete intersection of mul-
tidegree (d1, . . . , dk). Let ωX be the dualizing sheaf of X. Then
ωX ≃ OX
(∑
dj −
∑
ai
)
.
Corollary 2.20 (see [PS19, Corollary 2.8]). Let X ⊂ P(a0, . . . , aN ) be a smooth
Fano well formed weighted complete intersection of multidegree (d1, . . . , dk) and
dimension at least 2. Then the Fano index of X equals
∑
ai −
∑
dj.
Let us discuss the dimension of the linear system |OX(1)| of a smooth Fano
weighted complete intersection.
Lemma 2.21. Let X ⊂ P(a0, . . . , aN ) be a weighted complete intersection that is
not an intersection with a linear cone. Then
dimH0(X,OX(1)) = |{i : ai = 1}|.
Proof. Denote by A the homogeneous coordinate ring of X , and by An the n-th
graded part of A. By definition we have
H0(X,OX(1)) ≃ A1.
Let (d1, . . . , dk) be the multidegree of X . Since X is not an intersection with a
linear cone, dj > 1 for all j = 1, . . . , k, and we are done. 
Proposition 2.22 (see [PST17, Theorem 1.2], [PS20b, Corollary 3.4]). Suppose
that X ⊂ P is a smooth well formed Fano weighted complete intersection that is not
an intersection with a linear cone. Then we have
dim |OX(1)| ≥ dim(X)− var(X),
where var(X) is variance of X (see Definition 1.2).
Lemma 2.23 (see [IF00, Lemma 18.4],[CCC11, Proposition 3.1(1)]). Suppose that
X ⊂ P(a0, . . . , aN ) is a normalized quasismooth well formed weighted complete
intersection of multidegree (d1, . . . , dk). Then
(1) dk−j > aN−j for all j = 1, . . . , k,
(2) dk ≥ 2aN .
Corollary 2.24. Let X ⊂ P(a0, . . . , aN ) be a smooth well formed Fano weighted
complete intersection of dimension at least 2 that is not an intersection with a linear
cone. Assume that s2(X) ≤ var(X). Then one of the following assertions holds:
(1) var(X) ≥ codim(X),
(2) codim(X) > var(X) and dim |OX(1)| ≥ N − var(X).
Proof. Let (d1, . . . , dk) be the multidegree of X . Assume that X is normalized and
s2(X) ≤ var(X) < k, then we have dk−var(X) = 2. From Lemma 2.23 we obtain
aN−var(X) = 1. Now we can apply Lemma 2.21. 
Smooth well formed weighted complete intersections have useful combinatorial
properties.
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Definition 2.25 (see [PST17, Definition 4.7]). Let (d, a) be a pair, where
d = (d1, . . . , dk) ∈ Z
k
+, a = (a0, . . . , aN ) ∈ Z
N+1
+ .
We say that (d, a) is regular, if for any i1 < · · · < il there are j1 < · · · < jl such
that gcd(ai1 , . . . , ail) divides gcd(dj1 , . . . , djl).
Lemma 2.26 ([PS20a, Lemma 2.15]). Let X ⊂ P(a0, . . . , aN ) be a smooth well
formed weighted complete intersection of multidegree (d1, . . . , dk). Let us denote
d = (d1, . . . , dk), a = (a0, . . . , aN ).
Then (d, a) is a regular pair.
We will also need the following statement, which is implicitly contained in the
proof of Theorem 1.1.
Proposition 2.27. Let X ⊂ P(a0, . . . , aN ) be a smooth Fano well formed weighted
complete intersection of multidegree (d1, . . . , dN ) that is not an intersection with
a linear cone. Then there exists a smooth Fano well formed weighted complete
intersection X ′ ⊂ P(a1, . . . , aN ) of the same multidegree.
In particular, X ′ is not an intersection with a linear cone, and iX′ = iX − 1.
Proof. By [PST17, Theorem 1.2] the linear system |OX(1)| is not empty. Let X ′ be
a general divisor from |OX(1)|. Then X ′ is smooth by [PST17, Theorem 1.2]. More-
over, X ′ is a well formed weighted complete intersection of multidegree (d1, . . . , dk)
in P′ = P(a1, . . . , aN) by [PS20b, Lemma 3.3], and X
′ is not an intersection with a
linear cone. Furthermore, X ′ is Fano (see Proposition 2.19). 
3. Proof of the main results
Firsly, we will show that the notion of series (see Definition 1.7) is well-defined.
Lemma 3.1. Let X ⊂ P(a0, . . . , aN) be a smooth Fano well formed weighted com-
plete intersection that is not an intersection with a linear cone. Assume that ai 6= 2
for all i = 0, . . . , N .
The linear system |OX(2)| is not empty, and its general member Q is smooth.
Proof. Denote by A the homogeneous coordinate ring of X , and by An the n-th
graded part of A. By definition we have
H0(X,OX(n)) ≃ An.
Put q = dimH0(X,OX(1)). By Lemma 2.21 we have
q = |{i : ai = 1}|.
Let (d1, . . . , dk) be the multidegree of X , and put d2 = |{j : dj = 2}|. Recall
that ai 6= 2 for all i = 0, . . . , N , then
dimH0(X,OX(2)) = dimA2 =
(
q + 1
2
)
− d2,
We have q ≥ k + 1 ≥ 1 by Proposition 2.22, hence(
q + 1
2
)
− d2 ≥ q − d2 ≥ k + 1− d2 ≥ 1.
Consequently, the linear system |OX(2)| is not empty.
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Since X is smooth and well formed, X is also quasismooth by Proposition 2.8.
Then Sing P(a0, . . . , aN ) ∩X = ∅ by Proposition 2.7. Hence it is enough to check
that Q is quasismooth, which follows from the criterion of quasismoothness of
general weighted complete intersections (see [PST17, Proposition 3.1]). 
Corollary 3.2. Let X ⊂ P(a0, . . . , aN ) be a smooth Fano well formed weighted
complete intersection of multidegree (d1, . . . , dN ) that is not an intersection with a
linear cone. Assume that ai 6= 2 for all i = 0, . . . , N .
Denote by X ′ ⊂ P(1, 1, a0, . . . , aN ) the projective cone over X with respect to the
inclusion
P(a0, . . . , aN ) →֒ P(1, 1, a0, . . . , aN ).
The linear system |OX′(2)| is not empty, and its general member Q is a smooth
Fano well formed weighted complete intersection of multidegree (2, d1, . . . , dk) that
is not an intersection with a linear cone. Moreover, we have var(Q) = var(X).
Proof. It is clear that X ′ is a quasismooth well formed weighted complete inter-
section. Then Sing X ′ = Sing P(1, 1, a0, . . . , aN) ∩ X
′ by Proposition 2.7. But
Sing P(1, 1, a0, . . . , aN) ∩X ′ = ∅, since Sing P(1, 1, a0, . . . , aN ) is also a projective
cone over Sing P(a0, . . . , aN ) with respect to the inclusion
P(a0, . . . , aN ) →֒ P(1, 1, a0, . . . , aN )
(see [IF00, 5.15]). Moreover, X ′ is Fano by Proposition 2.19.
Then we can apply Lemma 3.1 to X ′. Notice that the restriction map
H0(P,OP(m))→ H
0(X ′,OX′(m))
is surjective for every m by [PS19, Corollary 3.3], so Q is a weighted complete
intersection of multidegree (2, d1, . . . , dk). Moreover,Q is also Fano (see Proposition
2.19). By Corollary 2.20 the Fano index of Q equals
iQ = 1 + 1 +
N∑
i=0
ai −
k∑
j=1
dj − 2 = iX ,
hence var(Q) = var(X). 
Let us prove that Conjecture 1.4 holds in the case P = PN .
Lemma 3.3. Let X ⊂ PN be a normalized smooth well formed Fano complete
intersection of dimension at least 2 and multidegree (d1, . . . , dk) that is not an
intersection with a linear cone. Let us introduce the following notation:
αj = dj − 2, j = 1, . . . , k.
Then for any j = 1, . . . , k we have αj ≥ 0, and
k∑
j=1
αj = var(X).
Proof. We have αj ≥ 0 for all j = 1, . . . , k by assumption. By Corollary 2.20 the
Fano index of X equals
iX = N + 1−
k∑
j=1
dj .
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Then we have
k∑
j=1
αj =
k∑
j=1
(dj − 2) = N − 2k − iX + 1 = var(X).

Corollary 3.4. Let X ⊂ PN be a smooth well formed Fano complete intersection
of dimension at least 2 that is not an intersection with a linear cone. Then we have
s2(X) ≤ var(X).
We are going to find an effective upper bound on the number of series of given
variance. We will start with the analogue of Lemma 3.3 in the case of weighted
complete intersections.
Lemma 3.5. Let X ⊂ P(a0, . . . , aN), aN > 1, be a normalized smooth well
formed Fano weighted complete intersection of dimension n > 1 and multidegree
(d1, . . . , dk) that is not an intersection with a linear cone. Let us introduce the
following notation:
βj = dj − an+i − 1, j = 1, . . . , k − 1;
βk = dk − aN − an − 1.
Then for any j = 1, . . . , k we have βj ≥ 0 and
k∑
j=1
βj =
n−1∑
i=k+iX
ai.
Proof. By Lemma 2.23 we have βj ≥ 0 for all j = 1, . . . , k − 1. Let us notice that
an < aN : if an = aN , then by Lemma 2.26 at least k + 1 degrees among d1, . . . , dk
is divisible by an, which is absurd. Then dk ≥ 2aN ≥ aN + an + 1 by Lemma 2.23.
By Corollary 2.20 the Fano index of X equals
iX =
N∑
i=0
ai −
k∑
j=1
dj ,
and from Proposition 2.22 we have ak+iX−1 = 1, i.e.,
k∑
j=1
βj =
n−1∑
i=k+iX
ai.

Now we can bound all weights and degrees in terms of variance.
Lemma 3.6. Let X ⊂ P(a0, . . . , aN) be a smooth well formed Fano weighted com-
plete intersection of dimension at least 2 and multidegree (d1, . . . , dk) that is not
an intersection with a linear cone. Then for any i = 0, . . . , N and j = 1, . . . , k the
following assertions hold:
(1) If P = PN , then dj ≤ 2 + var(X).
(2) If var(X) ≥ codim(X) and iX = 1, then
ai ≤ 3 var(X), dj ≤ 3 var(X)(3 var(X) + 1).
(3) If P 6= PN , codim(X) > var(X) and dim |OX(1)| ≥ N − var(X), then
ai ≤ var(X) + 1, dj ≤ 2(var(X) + 1).
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Proof. Without loss of generality, we may assume that X is normalized.
(1) If P = PN , then by Lemma 3.3 we have
dj = 2 + αj ≤ 2 + var(X).
(2) Assume that k ≤ var(X) and iX = 1. By [PS20a, Theorem 1.1] we have
ai ≤ N, dj ≤ N(N + 1).
then by definition
N = 2k + var(X) ≤ 3 var(X).
(3) Consider the third case. From Lemma 2.21 we obtain aN−var(X) = 1. As a
consequence, we have an = 1, where n = dim(X). By Lemma 3.5 we can
represent dk in the form dk = aN +an+1+βk, where 0 ≤ βk ≤ var(X)−1.
By Lemma 2.23 we have dk ≥ 2aN , i.e., aN ≤ an + 1 + βk. Then
aN ≤ an + 1 + βk ≤ 1 + 1 + (var(X)− 1) = var(X) + 1,
dk = aN + an + 1 + βk ≤ 2(var(X) + 1).

We also can count the number of series in Σ in the following terms.
Definition 3.7. Let X ∈ Σ be a family of weighted complete intersections of the
multidegree (d1, . . . , dk) in P(a0, . . . , aN ). Denote by (d, a)X the pair of all degrees
dj > 2 and weights ai > 1. Notice that (d, a)S can be empty.
It is clear that (d, a)X is preserved in any fixed series S ⊂ Σ. We will denote
that pair by (d, a)S.
Lemma 3.8. Let S, S′ ∈ Sr be two series in Σ of the same variance. Then S = S′
if and only if (d, a)S = (d, a)S′ .
Proof. The ’if’ part is obvious. Let S, S′ be two series such that (d, a)S = (d, a)S′ ,
and X ,X ′ be the generators of S and S′ correspondingly. We claim that X = X ′.
Denote by X ∈ X and X ′ ∈ X ′ smooth well formed Fano weighted complete
intersections of dimension at least 2 that is not an intersection with a linear cone.
Recall that var(X) = var(X ′) = r0 for some fixed r0, and iX = iX′ = 1 by definition
of the generator of series (cf. Proposition 2.27).
Let us introduce the notation
k = codim(X), k′ = codim(X ′),
N = dim(X) + codim(X), N ′ = dim(X ′) + codim(X ′).
Then we have
var(X)− var(X ′) = (N −N ′)− 2(k − k′) = 0.
If k = k′, then the statement is obvious.
On the contrary, put c = k′ − k and assume that c > 0. Then N ′ = N + 2c, so
X ′ = X 0c , and X
′ does not generate the series S′. 
Let us establish a polynomial bound on the number of elements in S0r and S
′
r.
Proposition 3.9. We have the following polynomial bounds:
(1) |S0r| ≤ (r + 1)
2,
(2) |S′r| ≤ 18r
4(3r + 1).
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Proof. By Lemma 3.8 we only have to bound the number of possible pairs (d, a)X ,
where X is the generator of an arbitrary series S ∈ S0r or S ∈ S
′
r.
Let X be a member of X such that X ⊂ P(a0, . . . , aN ) is a smooth well formed
Fano weighted complete intersection of dimension at least 2 that is not an intersec-
tion with a linear cone.
(1) If S ∈ S0r, then the number of possible pairs does not exceed
(max dj · s2(X)) + 1,
Actually, recall that we have to count an empty pair (d, a)X . Notice that
s2(X) ≤ var(X) = r, max dj ≤ 2 + var(X) = 2 + r,
by Corollary 3.4 and Lemma 3.6. So we obtain the estimate
|S0r | ≤ r · (2 + r) + 1 = (r + 1)
2.
(2) If S ∈ S′r, then the number of possible pairs does not exceed
max ai · |{i : ai > 1}| ·max dj · s2(X),
By definition we have s2(X) ≤ codim(X), so s2(X) ≤ r.
Recall that the family X generates S, so iX = 1 by Proposition 2.27.
Then by Lemma 3.6 we have the estimates
max ai ≤ 3r, max dj ≤ 3r(3r + 1).
At last, by Lemma 2.21 we have the identity
N = dim |OX(1)|+ |{i : ai > 1}|,
By Proposition 2.22 we have the estimate
dim |OX(1)| ≥ n− var(X) = n− r,
hence
|{i : ai > 1}| ≤ codim(X) + r ≤ 2r.
Then we obtain the estimate
|S′r| ≤ 18r
4(3r + 1).

There is a weak analogue of Lemma 3.9 in the case of S′′r .
Lemma 3.10. Let us assume that there exists a polynomial f ∈ Z[T ] such that
s2(X) ≤ f(var(X)) for any normalized smooth well formed Fano weighted complete
intersection X ⊂ P(a0, . . . , aN ) of dimension at least 2 that is not an intersection
with a linear cone with
codim(X) > var(X), dim |OX(1)| ≥ N − var(X).
Then for any r we have a polynomial bound
|Ŝ′′r | ≤ 2r(r + 1)
2f(r).
Proof. By Lemma 3.8 we only have to bound the number of possible pairs (d, a)X ,
where X is the generator of an arbitrary series S ∈ Ŝ′′r .
The number of possible pairs does not exceed
max ai · |{i : ai > 1}| ·max dj · s2(X),
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By Lemma 3.6 we have the estimates
max ai ≤ r + 1, max dj ≤ 2(r + 1).
By Lemma 2.21 we have the identity
N = dim |OX(1)|+ |{i : ai > 1}|,
and by assumption we have the estimate
dim |OX(1)| ≥ N − var(X) = N − r,
hence
|{i : ai > 1}| ≤ r.
At last, by assumption we have s2(X) ≤ f(r), so
|Ŝ′′r | ≤ 2r(r + 1)
2f(r).

Corollary 3.11. If Conjecture 1.4 is true, then we have a polynomial bound
|S′′r | ≤ 2r
2(r + 1)2.
Proof. Follows from Lemma 3.10 and Corollary 2.24. 
The only thing left is to bound the number s2(X) in terms of var(X). Let us
start with an auxiliary statement.
Lemma 3.12. Let X ⊂ P(a0, . . . , aN ) be a normalized smooth well formed Fano
weighted complete intersection of dimension at least 2 that is not an intersection
with a linear cone. Assume that aN = 2, then var(X) ≥ codim(X).
Proof. Let (d1, . . . , dk) be the multidegree of X . Notice that by definition
var(X)− k = N + 1− 3k − iX ,
so from Corollary 2.20 we obtain
var(X)− k =
k∑
j=1
(dj − 3)−
N∑
i=0
(ai − 1).
By assumption dj > 2 and ai ≤ 2 for all j = 1, . . . , k and i = 0, . . . , N . In other
words, we have
k∑
j=1
(dj − 3) ≥ 0,
N∑
i=0
(ai − 1) = |{i : ai = 2}|.
Let us put l = |{i : ai = 2}|. By Lemma 2.26 there should be at least l even
degrees among dj . As a consequence,
k∑
j=1
(dj − 3) ≥ l,
which is equivalent to var(X) ≥ k. 
At last, we will prove a partial inverse to Corollary 2.24.
12 MIKHAIL OVCHARENKO
Lemma 3.13. Let X ⊂ P(a0, . . . , aN), aN > 1, be a normalized smooth well
formed Fano weighted complete intersection of dimension at least 2 that is not an
intersection with a linear cone. Assume that
codim(X) > var(X), dim |OX(1)| ≥ N − var(X).
Then the following estimate holds:
s2(X) ≤ 2(var(X)− 1).
Proof. Throughout the proof we will use the notation of Lemma 3.5.
Notice that by assumption and Lemma 2.21 we have an = 1, where n = dim(X).
Let (d1, . . . , dk) be the multidegree of X . We claim that βk > 0: actually, by
Lemma 2.23 we have dk ≥ 2aN , i.e., aN ≤ an +1+ βk. On the other hand, aN > 2
by Lemma 3.12.
From Lemma 3.5 we obtain
k − s2(X) = |{j : dj = 2}| = |{j : an+j = 1, βj = 0}|.
Let us represent s2(X) in the form s2(X) = k − µ+ ν, where
µ = |{j : βj = 0}|, ν = |{j : an+j > 1, βj = 0}|.
(1) Let us first establish a lower bound on µ. As we already mentioned, an = 1
and βk > 0, then from Lemma 3.5 we obtain
k−1∑
j=1
βj = var(X)− 1− βk, βj ≥ 0, βk > 0.
Then by the Pigeonhole principle we have
µ ≥ k − 1−
k−1∑
j=1
βj = k − var(X) + βk.
(2) Now we are going to establish an upper bound on ν. By assumption we
have the estimate
dim |OX(1)| ≥ N − var(X).
On the other hand, by Lemma 2.21 we have the identity
N = dim |OX(1)|+ |{i : ai > 1}|,
hence var(X) ≥ |{i : ai > 1}|. Recall that βk > 0, then |{i : ai > 1}| > ν.
As a consequence, ν ≤ var(X)− 1.

Theorem 1.13 now follows from Lemma 3.10 and Lemma 3.13.
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